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Integral Formulas for Non-Self-Adjoint
Distributed Dynamic Systems

Bingen Yang*
University of Southern California, Los Angeles, California 90089-1453

Integral formulas for analytical prediction of the dynamic response of a class of non-self-adjoint distributed
systems are studied. Combined non-self-adjoint effects of damping, gyroscopic, and circulatory forces are examined.
The response of the distributed system subject to arbitrary external, boundary, and initial disturbances is obtained
in a closed-form Green's function integral. The Green's function is expanded in an eigenfunction series, without
assuming completeness of system eigenfunctions. In addition, a generalized reciprocal theorem is derived.

I. Introduction

D ISTRIBUTED dynamic systems whose parameters are depen-
dent on the spatial domain are common in many branches

of science and technology. The mathematical description of these
systems usually leads to boundary-initial value problems associ-
ated with partial differential equations. The development of modern
technologies, including optimal design and active control of flexi-
ble structures, requires accurate prediction of the dynamic response
of distributed systems. This work investigates integral formulas for
analytical prediction of the dynamic response of a class of linear
distributed systems that have combined non-self-adjoint effects of
damping, gyroscopic, and circulatory forces, and are under arbitrary
external, boundary, and initial disturbances. Mainly, three issues are
addressed: 1) Green's function formulation for transient response
prediction, 2) modal expansion of system Green's function, and 3)
a generalized reciprocal principle. These issues are important to
structural dynamics and structural control and lay a foundation for
the development of analytical and numerical solution methods.

The concept of Green's functions is by no means new. It was first
introduced by G. Green as early as 1828 and since has been applied to
various problems in mathematical physics. Several excellent mono-
graphs on the subject have been published.1"4 Instead of its many
advantages, the Green's function method has been for formal and
abstract mathematical analyses, and needs further development be-
fore becoming a practical tool for practical engineering problems. In
the literature, most studies employing the Green's function method
are focused on self-adjoint systems although some specific non-
self-adjoint systems have been considered.5'6 The Green's function
formula for general non-self-adjoint distributed systems with damp-
ing, gyroscopic, and circulatory forces is not available.

The utility of the Green's function method in a specific prob-
lem depends on the determination of the Green's function. It is
well known that the Green's function of a self-adjoint system can
be expressed by its orthogonal eigenfunctions in an infinite series.
Unfortunately, the classic modal analysis is not valid for non-self-
adjoint systems whose eigenfunctions are nonorthogonal. Under the
circumstances, modal expansion of the system response by biorthog-
onal state-space eigenfunctions is often pursued.7'8 The state-space
approach, although able to give an eigenfunction representation of
the Green's function, has two problems. First, the approach assumes
that the state-space eigenfunctions of a non-self-adjoint distributed
system form a complete basis in an infinite-dimensional function
space, which may or may not be true, and is difficult to justify. Conse-
quently, the legitimacy and convergence of such state-space modal
expansion is not ensured. Second, the approach has to estimate the
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adjoint state-space eigenfunctions whose physical meaning has not
been well classified and therefore can be computationally expensive.

Recently, the author9 examined a class of nonproportionally
damped distributed systems. On the basis of the symmetric prop-
erty of the damping operator and a direct inverse Laplace transform
procedure, the closed-form transient response of the damped sys-
tem was obtained in an eigenfunction series. The eigenfunction ex-
pansion, however, is not applicable to distributed dynamic systems
with damping, gyroscopic, and circulatory forces, whose existence
in general renders spacial differential operators asymmetric. Fur-
thermore, the inverse Laplace transform procedure is based on a
residue theorem, whose validity for general non-self-adjoint dis-
tributed systems remains to be proven.

This paper presents, for the first time, a modal expansion of the
dynamic response of general non-self-adjoint distributed systems,
without assuming completeness of system eigenfunctions. Extend-
ing the inverse Laplace transform concept,9 the key in the analysis
is to express the system Green's function in terms of the transfer
function residues. In the development, a residue theorem for in-
verse Laplace transform is first proven. Through establishment of
a relationship between the adjoint state-space eigenfunctions and
the modes of vibration, the transfer function residues are related to
the nonorthogonal eigenfunctions associated with the original equa-
tions of motion. As such, a convergent eigenfunction representation
of the Green's function is obtained. In the meantime, because the
adjoint state-space eigenfunctions are not needed in the evaluation,
substantial computations can be saved.

As the last part of this investigation, a generalized reciprocal the-
orem is derived for general non-self-adjoint systems. In the existing
reciprocal theorems for classic self-adjoint systems10 and viscoelas-
tic bodies,11 the response of a continuum under one set of loads is
expressed by that of the same continuum under another set of loads.
In the new reciprocal theorem, the response of a distributed system
is related to that of the corresponding auxiliary system. The aux-
iliary system in many cases is the same as the original one. The
reciprocal relation also leads to the Green's function formula.

II. Green's Function Formula
The distributed dynamic system is governed by the partial differ-

ential equation

x e (la)

with Nh boundary conditions

and the initial conditions

x e 3Q, 7 = 1,2,

= *>()(*),
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where w(x,t) is the displacement of the distributed system; f ( x , t )
is the external force; YJ(X, t) are the given boundary disturbances
(either external loads or foundation motions); OQ(X) and b()(x) are
the initial displacement and velocity, respectively; () , , = 3 ( ) / 3 t ; £2
is a bounded open region with boundary 3£2\ and F; are the spatial
boundary operators. The spatial differential operators M and K rep-
resent the inertia and stiffness of the distributed system, respectively,
and Z), G, and N are associated with the damping, gyroscopic, and
circulatory forces, respectively.12-13 M, D, and K are symmetric
and G and N are skew-symmetric:

(Mu, v) = (M, Mi;), (Du, v) = (M, Dv)

( K u , v) = (w , K v ) , (Gw, v) = -(w, Gv)

(Nu,v) = -(M, yVu)

where the inner product is defined by (M, u) = /n wucbc with wand i;
being comparison functions from a Hilbert space and M the complex
conjugate of u . Also, M and A^ are positive definite and D is positive
semidefinite. In this study, it is assumed that the boundary-initial
problem is well posed and has a unique solution.

The fundamental problem is to solve the boundary-initial prob-
lem formed by Eqs. (1). To this end, a Green's function formula is
derived by using Laplace transform. By superposition, the solution
to Eqs. (1) is decomposed into

w ( x , t ) = y(x,t

where y(x, t) satisfies

My,n (*, t) + (D + G)ytt (*, 0

(2)

(3a)

(3b)

(3c)

and z(jc, 0 is the solution of

(K

7 =

(4a)

(4b)
(4c)

Physically, y(jc, t) is the system response excited by the external
and initial disturbances, and z ( x , t ) by the boundary disturbances.

The integral formula for y(x, t) is first derived. Laplace transform
of Eqs. (3) with respect to time t gives

A ( s ) y ( x , s ) = f e l ( x , s ) , (5a)

(5b)

where the circumflex " denotes Laplace transformation, the operator

A(s) = Ms2 + (D + G)J + (K + AO (6a)

and

f e l ( x , s) = f ( x , s) 4- M[sa()(x)

The solution of Eqs. (6) is written in an integral form

y ( x , s ) =

(6b)

(7)

where the integral kernel g ( x , i=,s) is called the distributed transfer
function.1 Inverse Laplace transform of Eq. (7) and use of Eq. (6b)
leads to

r f, o = / /
Jo «/Q

(8)

where the Green's function g(jc, f , f ) is the inverse Laplace trans-
form of g ( x , i ; , s ) . Thus, the response of the distributed dynamic
system to both external and initial disturbances is represented by
the Green's function integral, although the Green's function itself
has yet to be determined.

The distributed transfer function is the solution of the differential
equations4

(9a)

(9b)

(10)

where

A r(s) = Ms2 + (D - G)j + (K - N)

and F*, the adjoint operators to F,, are obtained from

f [A(s)[u(x)]v(x) - u ( x ) A T ( s ) [ v ( x ) ] } d x
Jn

with u and u being any differentiable functions and the operators B /
and EJ arising from integral by part. Likewise, the Green's function
is governed by

- G)g,t (x, ?, r) + (K - N)g(x, |, t)

^ € ^ (12a)

r}g( jc ,^ , r ) = o, f e a a , 7 = 1,2 , . . . , y v / ; (i2b)
gU,? ,0 ) = 0, g , , U , ^ , 0 ) = 0, ? G ^ (12c)

In both Eqs. (9) and (12), all operators act on £ . Apparently, Laplace
transform of Eqs. (12) yields Eqs. (9).

Next, the solution form for z ( x , t ) is derived. Laplace transform
of Eqs. (4) gives

A ( s ) z ( x , s ) = Q, xe£2 (13a)

riz(x,s) = j>j(x,s), xedti, 7 = 1 ,2 , . . . , Nb (13b)

where y/(^, 5) are the Laplace transforms of the boundary distur-
bances YJ(X, t). With Eqs. (11) and (13), consider the integral

[z(^ s ) ] g ( x , , s ) A T ( s ) [ g ( x , !=,

/
J()£l

=0

By Eq. (9a) and the boundary conditions (4b) and (9b), the above
becomes

(14)
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Inverse Laplace transform of Eq. (14) yields

n ^
> /&/(*, £, f — r)x7-(£, r )d£dr (15)

^ / = i

where the boundary influence functions

and L~l is the inverse Laplace transform operator. The operators E-}
generally have the form

• + £o (17)

where E\-} are spatial operators. The E\-}s usually appear when oper-
ators such as dd5/dx43t, which models material damping in a beam,
are involved in the equations of motion. By Eq. (17), the boundary
influence functions

4- E(}j)g(x, £, 0 (18)

Finally, substitute Eqs. (8), (15), and (18) into Eq. (2) to obtain
an integral formula for complete solution of the original boundary-
initial value problem described by Eqs. (1):

g ( x , £, t - , r) dr

/

r r> Nb
I ^(Eud/dt

J-<m i = i

- / [g,t ( * , £ , iJsi
g ( x , £, (D (19)

The dynamic response of the distributed system is attributable to
external, boundary, and initial disturbances. Equation (19) shows
that the contributions of each type of disturbances can be expressed
by the system Green's function. In other words, the key to solving
Eqs. (1) is to determine the Green's function from Eqs. (12); the
effects of the boundary and initial disturbances can be added easily
once the Green's function is known.

It should be mentioned that the Green's function formula is also
obtainable more vigorously by the semigroup theory. Indeed, the
way to construct the solution to Eqs. (1) is not unique. The main
reason for this investigation to adopt the Laplace transform approach
is to provide an analysis that might be more easily understood and
utilized by engineers.

III. Eigenvalue Problems
The eigenvalue problems of the non-self-adjoint distributed sys-

tem are investigated, to prepare for the development of a new modal
expansion of the Green's function and transient response in Sec. IV.
The eigenvalue problem associated with Eqs. (1) is

[tfM + kk(D + G) + (K + N ) ] u k ( x ) = 0, k = ±1,±2, . . .
(20)

where A.* e C and u k ( x ) are the /cth eigenvalue and eigenfunction
(mode shape) of the distributed system. Without loss of generality,
assume that the eigenvalues are distinct. This assumption, however,
can be removed by using the Schmidt orthogonalization procedure.3

Also, assume that the distributed system has no rigid-body modes;
i.e., |A.* | ̂  0, for any k. The adjoint eigenvalue problem to Eq. (20)
is defined as

{X~M + Xk(D - G) + (K - N ) } v k ( x ) = 0, k = ±1,±2, . . .
(21)

the overbar denotes complex conjugation. The eigensolutions have
the properties X_k = A.*, u_k = uk, and v_k — vk. Except for classic
self-adjoint systems and proportionally damped systems, the eigen-
vectors Uk and vk are complex and nonorthogonal.

Equivalent eigenvalue problems in a state space are also consid-
ered. Equation (la) is transformed into7

A ( )?7,, (x, t) = A \ r ] ( x , t) +q(x, t)

where

11 = = r i 0 1
° LO MJ

- D - C j ' ^ '
The associate and adjoint eigenvalue problems are

A \ \ l / k ( x ) =

(22)

(23)

(24)

(25)

where £ = ±1, ±2, . . . , and 0*(*) are related to the mode shapes
u k ( x ) b y

( uk(x) \
<t>kW = f j (26)

The state-space eigenfunctions are in the biorthogonality relations

where the inner product is defined by

f -[a,£] = ( < 2 | , a 2 ) + ( £ i + ^ 2 ) = / [ a \ ( x ) b \ ( x ) + a 2 ( x ) b 2 ( x ) ] d x

for a — («i , a2)T and b = (b\,b2)T . Following Ref. 14, it can be
shown that the adjoint eigenfunctions of problems (21 ) and (25) are
related by

1 f -(K - N)vk(x)\
= — - ' ,)

, ... (28)

The normalization condition for cj)k and i//k, by Eqs. (20), (27), and
(28), is written as

= I vkMuk dx — — I
J si ^~k J si

vk(K + N ) u k d x

= 2 / vkMuk dx + — vk(D + G)uk dx = 2
JV. ^k J^

(29)

While state-space formulism has been widely used, the physical
meaning of adjoint eigenfunctions of distributed systems with com-
bined non-self-adjoint effects of damping, gyroscopic, and circula-
tory forces is not clear. Extending a recent study on eigensolutions
of lumped parameter systems,14 the following discussion shows that
the adjoint eigenfunctions, vk(x) and therefore i//k(x), relate to the
mode shapes of vibration of the system. In the interest of simplic-
ity, it is assumed that the boundary operators F/ and F* are the
same, which is true for many physical systems. [If F; and F* are
not identical, vk(x) are the mode shapes of an auxiliary system, as
defined in Sec. V.]

a) Classic self-adjoint systems (D = G = N = 0):

Mw,tT (x, t) + K w ( x , t) — f ( x , r), X € (30)

Being self-adjoint, the system has purely imaginary eigenvalues, and
real and orthogonal eigenfunctions.15 In this case, the eigenvalue
problems (20) and (21) are identical, and v k ( x ) are the same as the
mode shapes' u k ( x ) .

b) Undamped gyroscopic systems (D = N = 0):

Mw,rr ( x , t ) + Gw,t (x, t)

+ K w ( x , t) — f ( x , t), x e (3D
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The associated eigenvalue problems are

= 0 (32a)

(32b)

The eigenvalues are purely imaginary, andjthe eigenvectors are com-
plex and nonorthogonal.13 Accordingly, Xk = —Xk, and Eq. (32b)
becomes

Comparing Eqs. (32a) and (33) gives

vk(x) = u k ( x )

(33)

(34)

which means that v k ( x ) describe the mode shape distributions of the
gyroscopic system. A similar result has been obtained.6

c) Damped nongyroscopic systems (G = N = 0):

MM;,,, (;c, t) + Dw,t (x, t)

+ Kw(xtt) = /Oc.O, x e Q

The associated eigenvalue problems are

{^M + AA,Z) + K}uk = 0

X.2M + *.kD + Kvk =0

(35)

(36a)

(36b)

Complex conjugation of Eq. (36b) and comparison with Eq. (36a)
leads to

v k ( x ) = u k ( x ) = H-A-00 (37)

The adjoint eigenvectors vk (x) are the mode shapes, whether or not
the distributed system is proportionally damped,

d) Damped gyroscopic systems (N = 0):

,n (x, t) + (D + G)w,t

Kw(x,t) = / ( j c , f ) , (38)

In many cases, the gyroscopic and stiffness operators for system
(38) are dependent on a physical parameter a, with the properties

G = G(a) = -G(-a), = K(a) = K(-a) (39)

Examples of such systems include band saws and circular saws,
computer tape- or disk-drive systems, rotating shafts and blades, ro-
tating cylindrical shells, power transmission chains and belts, pipes
conveying fluid, and paper webs. The parameter a in these systems
is either the transport velocity of axially moving continua or the
rotation speed of rotating bodies. Define an auxiliary system

D + G(-a)]tf,, (x, t)

, t) = f ( x , 0, x e (40)

which actually is the same as system (38) but with its transport
velocity or rotation speed in the opposite direction. The adjoint
eigenvalue problem of the original system (38) is

filM+ Xk(D — G) + K}vk =Q (41)

The eigenvalue problem of the auxiliary system, on the other hand,
is

(42)

where [ik and 0*00 aretheeigensolutions. It is seen that the solutions
of the eigenvalue problems (41) and (42) are in the relationships

0*00 = (43)

Therefore, the adjoint eigenvectors vk(x) are the mode shapes of
the auxiliary system (40). A similar analysis is applicable to those
distributed systems whose circulatory operator has the property N =
N(fi) = —N(—P), where $ is a physical parameter such as an axial
load applied to a beam-column.

IV. Modal Expansion Theorem
The utility of the Green's function formula (19) depends on the

knowledge of g ( x , £, t). If fa and i//k form a complete basis in the
function space, the Green's function can be obtained in an infinite
eigenfunction series. This is done by writing the state-space vector
as

w(x, 0
w,t(x,t)

(44)

where ak are modal coordinates. Assuming zero boundary distur-
bances, substituting the above expression into Eq. (22) and applying
the biorthogonality relations (27) yields an infinite number of decou-
pled differential equations for ak. Solution of these equations and
use of Eqs. (26), (28), and (44) leads to Eq. (8), with the Green's
function given by

1
(45)

Although the above approach is straightforward, the complete-
ness of the state-space eigenfunctions is difficult to justify, and may
not be true. As a result, the legitimacy and convergence of the modal
expansion (45) is not known. In this section, a different derivation
based on inverse Laplace transform will verify the legitimacy and
convergence of the modal expansion, without assuming complete-
ness of the state-space eigenfunctions.

Let all of the eigenvalues, determined from Eq. (20), be located
in the left part of the complex plane Re(s) < cr, a < +00. Because
g ( x , i ~ , t ) is the inverse Laplace transform of g ( x , £, s ) ,

g(x
1 r^+ioo

, £ , 0 = — / ^gCx,
2711 Ja_ioo

i = V- 1 (46)

It is well known that the poles (singularities) of g ( x , t - , s ) are the
eigenvalues of the system. In the subsequent analysis, the Green's
function is determined through evaluation of the complex integral
(46) by a residue theorem.

Lemma. For s = Re'9, there exists a constant MO > 0 such that

\ g ( x , % , s ) \ < M ( ) / R , as R -» oo (47)

Proof. By the initial value theorem3 and Eq. (12c), lim^oc
s g ( x , t ; , s ) = lim,^.o g ( x , % , t ) = 0, indicating that for any MO,
>0, s g ( x , % , s ) \ , = R e i o < MO for a large R. So, |£0c, £ , • * • ) ! <
\ s g ( x , % , s ) \ / \ s \ < Mo//?, for s = Rew and/? -> oo.

Theorem 1. The Green's function of the distributed system, Eqs.
(1), is expressed by

(48)

where A.,- are the eigenvalues of the distributed system.
Proof. In the complex plane shown in Fig. 1, a Bromwich con-

tour S consists of a straight line AB = {s e C\Re(s) = cr, —R <
Im(s) < R} and an arc UK = {s e C:s = Rei0, -0(] < 0 < 0(}.
Here 00 = cos~*(cr/R)}, and a > Re(Xk) for all k. As the radius

Im

Re Fig. 1 Bromwich contour S
consisting of line AB and arc
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R -> oo, all of the poles of g ( x , t = , s ) will be encircled by the
contour, and the complex integral (46) becomes

J ' R e s [ g ( x , $ , s ) }

1
2n~i

lim (49)

Consider the case of a > 0. Along the arc I~I#, the integral

/
estg(x, £, s) ds = J\ + 72 + /3 + /4

- I / , -
/•7T/2 /»TT ^371/2 s>2n-9o

= + + + exp[f/?(cos0 + / s :
J#() «/7T/2 Jjr «/37T/2

i s in0) ]

Note that RcosO < R cos0() = a for 0() < 9 < n/2\ see Fig. 1. By
the Lemma,

l/i l < / e'7' —
JB() R

RdO = M()eat[n/2 - cos"' (a/R)]

It can be shown that sin i//~ > 2\ls/ii for 0 < i/r < yr/2. So, by letting
0 = -^ + 71/2,

"/"J7T/2

'1
Likewise,

and

< (7r/2r/?)M(,(l -

As /? -> oo, all the / / ( I < 7 < 4) vanish, reducing Eq. (49) to Eq.
(48). (The case of a < 0 can be similarly proven and is therefore
omitted.)

Theorem 2. The residues of the distributed transfer function
g ( x , t ; , s ) are of the form

R e s { g ( x , t ; , s ) } =
,v = X.jt

= ±1, ±2, . . .

(50)

where uk(k) and I'A(^) are the eigenfunctions determined from Eqs.
(20) and (21).

Proof. For s near the pole A.*, the distributed transfer function can
be written as

- [1/Cs - (51)

where &*(*, ^) is the residue of the transfer function at A.*, and the
function R(x, ^, s) is analytical at A.*. Substituting Eq. (51) into Eq.
(9a) gives

[ \ / ( s - A T ( s ) ( R ( x , ^ s)] = 8(x -

where the operator A T (s) , defined in Eq. (10), acts on £ . The Cauchy
integral

JL/J_^-

= -L/«t
27T Z J£,

A T ( s ) [ b k ( x ,

on the contour sk = {s e C : \s — Xk\ = e, e < |A.,- — A.^| for all A.,-
+ Xk } yields

(52a)

Substituting Eq. (51) into the boundary condition (9b) and applying
the Cauchy integral leads to

It follows from Eqs. (52) that

=a(x)vk(lj)

(52b)

(53)

where a (x) is a function of x . On the other hand, the transfer function
also satisfies4

A ( s ) g ( x , £, s) = S(x - (54a)

(54b)

where all of the operators act on x. Substituting Eqs. (51) and (53)
into Eq. (54) and conducting similar Cauchy integration leads to

[MA.;? + (D + G)AA. + (K + N)]a(x) = 0,

This implies that a(x) — ^u/<(x), and

bk(x,l=) = pk

x 6 & (55a)

(55b)

(56)

where /3k is a nonzero constant.
To evaluate ̂ , consider Eqs. (1) with zero boundary and initial

disturbances. By Eqs. (19) and (12c), the displacement and velocity
of the distributed system are

(57a)

(57b),t(x,t)= f f g, ,U,£, f-
Jo Jv.

By Theorem 1 and Eqs. (56) and (57), the state-space vector is
expressed by

(x, f) - - r)] fk(i) dr

(58)
where /A.(r) = f ^ u k ( ^ ) f ( ^ , t ) d % . Substituting Eq. (58) into the
state-space equation (22) and conducting Laplace transform yields

where //.-Os1) and f ( x , s ) are the Laplace transforms of /*(0 and
f ( x , r), respectively. Take the inner product [i/^, •] of the above
equation and apply the biorthogonality relation (27a) to obtain

Substituting Eq. (59) into Eq. (56) gives Eq. (50).
Corolla^.

[^- ,A ( )0A . ] /0 for all k

(59)

(60)

Condition (60) is taken for granted in many state-space modal
analyses but has never been proven. As a byproduct from this in-
vestigation, condition (60) can be verified easily from Eqs. (59) and
(56), where /3k should be finite to make sense.

Although the inner product [T/T/., Aofa] can take different values,
depending on how the state-space eigenfunctions are scaled, it is
easy to show that the residues
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are invariant under any eigenfunction normalization. Thus, combin-
ing Theorems 1 and 2, the following modal expansion theorem is in
order.

Theorem 3. The Green's function of the non-self-adjoint dis-
tributed system described by Eqs. (1) is uniquely determined by
the convergent eigenfunction series

(61)

where [^, A(](/)k] can be any nonzero constants.
Without assuming completeness of the state-space eigenfunc-

tions, it has been shown that the modal expansion of the Green's
function of the non-self-adjoint distributed system is legitimate. As
a special case, if the eigenfunction normalization (29) is used, Eq.
(61) is identical to Eq. (45).

The modal expansion theorem lays a foundation for developing
series solution methods for non-self-adjoint distributed systems. For
instance, through substitution of Eq. (61) into Eq. (19), the solution
to the boundary-initial value problem described in Eqs. (1) is given
by

w(x, t) = — uk(x)qk(t) (62)

where the time-dependent coordinates and normalization coeffi-
cients are

qk(t) =-'"/[/Jo |_J^

' f
Jv.

D 4- (63a)

(63b)

V. Generalized Reciprocal Theorem
Consider the following two distributed systems.
Original system:

w i (x, 0) — a i (x

Auxiliary system:

M-^- + (£>

x € fi (64a)

= l , 2 , ..., Nb (64b)

x), .x e ^2 (64c)

(K - N ) \ w 2 ( x t t ) = f 2 ( x , t ) ,

x e fi (65a)

= 1, 2 , . . . , Nh (65b)

^, 0) = (65c)

As discussed in Sec. Ill, in many cases, the auxiliary system (65)
is or relates to the original system (64). Laplace transform of Eqs.
(64) and (65) gives

G)a\(x),
x e

(66a)

j = 1, 2, . . . , Nb (66b)

and

AT(s)w2(x, s) = q2(x, s) = f 2 ( x , s) + M[sa2(x) + b2(x)]

+ (D-G)a2(x), .x G Q (67a)

r*w2(x,s) = y2j(x,s), xedti, j = 1 , 2 , . . . , Nh (67b)

According to Eq. (11), the integral

/ [w2(x, s)q\ (jc, s) — w\ (x, s)q-y(x, s}} dx
Jo.

— I [w2(x,s)A(s)w\ (x, s} — w\ (x, s ) A T ( s ) w - ) ( x , s)\ dx
Jn

/. Nh

= I ^{Bj
Jsn f^l

- E j [ w 2 ( x , s ) ] y i j ( x , s ) } d x (68)

The operators B, and E-} arise from the integral by part and in
general have the form

Bj ~ B\js + BOJ, Ej = E\jS + EOJ

where BJJ and E;-, are spatial operators. Inverse Laplace transform
of Eq. (68) leads to the following theorem.

Theorem 4. For the systems defined in Eqs. (64) and (65), their
responses are in the reciprocal relation

/'/JO J^

t p J^i>
/ y^2./(£>

J9fl ~(

= 11 / i ( * , r ) u ; 2 U , r - r ) c k d r
Jo Jv.

^
0»>«>+ / / > y , / ( ^ r ) | E , / — r + E ( ) / l w ; 2 ( * , f - r ) d * d r

, t)Ma\(x)

(69)

According to the reciprocal relation, the solution of the original
system (64) can be determined from that of the auxiliary system (65).
Also, note that Eq. (69) reduces to the Green's function formula (19)
if only the impulse f2(x, t) = 8(x—$)8(t) is applied to the auxiliary
system (65).

VI. Example
For a simply supported translating beam shown in Fig. 2a, its

dimensionless transverse displacement w\ (x, t} is described by16

x e (0, 1)

r l W | ( 0 , 0 = 0

(70a)

(70b)
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where c and TO are the transport speed and tension of the beam, d
is the viscous damping coefficient, and yn(T) and rR\(t) are the
specified displacement and torque at the boundaries of the beam,
respectively. The translating beam is a damped gyroscopic system,
Eq. (38), with the spatial differential operators given by

M = 1,

By Eq. (11), the auxiliary system is found as

(71)

u;2(0, 0 = 0,

l, 0 = ;

6 (0, 1)

——-W2(0, 0 = ~^L2(0

a2

(72a)

(72b)

Here, rL2 (r) and y/e 2 (0 are chosen for demonstrative purposes; other
boundary disturbances can be assigned. Note that the boundary op-
erators Fi and F* are identical. In fact, the auxiliary system (72) is
the original system (68) with a reversed transport speed (—c); see
Fig. 2b.

The eigenvalue problems associated with Eqs. (70) and (72) are
described by

-(c2-T())^ + ̂ -\uk(x)=Q
dx2 dx4 J

x e (0, 1) (73)

and

x e (0, 1) (74)

where both problems have the same simplysupported boundary
conditions. Owing to damping and gyroscopic forces in the translat-
ing beams, the eigenfunctions uk and vk are complex and nonorthog-
onal. It is from Eqs. (73) and (74) that

vk(x) = u-k(\ - x) = uk(\ -x), = ±1,±2, ... (75)

Hence, the adjoint eigenfunctions vk(x) also represent the mode
shapes of the original system (70). The exact eigensolutions of the
translating beams can be obtained by a distributed transfer function
method.17

The Green's function formula for the original system (70), ac-
cording to Eq. (19), is

•"-/'/'Jo Jo
- r ) ckdr

3 , f - r )

T R [ ( r )
f\ ) r> 1 ( *\

-!-g(xt\t r - r ) d r + / \^g(x,$,
3§ J Jo 1 3f

^)J I d* (76)

where a \ ( x ) and /?i (;c) are the initial displacement and velocity of
the moving beam (70). The Green's function in Eq. (76) is in the
eigenfunction series

±00 ,

= V 1 6 ( 0 , 1 )

(77)

,

L-*» ffffit

a) Original system

fflff
a A
f

b) Auxiliary system
Fig. 2 Two translating beams.

where Eq. (75) has been used. Substituting Eq. (77) into Eq. (76)
gives

±00 i
) = V —uk(x)qk(t) (78)

where

<?*(') = - r )]d*dT

/'Jo

/'Jo

- — u k ( x ) \
Ldx ]x = l}

+ / u k ( l - x)
Jo

x x j k + d + 2c —dx
(79a)

o = /"' u 1 -x \ 2X dux 2c — u x 1 d* 79b
Jo |_ k dx * " J

By Theorem 4, the reciprocal relation for the translating beams is

n' ' /" ' 1 3/2(jc, r)w\ (x, t — T) ax dr -+- / < — w \ ( x , t ) a 2 ( x )
Jo I dt

( ^ \c, 0| b2(x) + \d- 2c— \a2(x

r>3 o

-j-I + (c2-r ( ))^

— / / /i(*» r)u;2(^, ^ —
Jo Jo

/" ' I 3
+ / { —— W2(* ,00 lOO + W2(* ,0

J() I ̂

U + 2c^-jfl,U) J d

, / - r ) dr

dr (80)

where a, (x) and /?; (x) are the initial displacements and velocities of
the beams. If the auxiliary system (72) is only subject to the impulse
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f2(x,t) = 8(x — £)<5(0, its response is the Green's function of the
original system (70), i.e., w2(x, t) = g(x, £, 0- In this case, Eq. (80)
reduces to the Green's function formula (76).

VII. Conclusions
A Green's function formula for a class of distributed dynamic

systems is obtained through use of Laplace transform. This integral
formula, Eq. (19), accounts for the non-self-adjoint effects of damp-
ing, gyroscopic, and circulatory forces, and explicitly describes the
influence of arbitrary external, boundary, and initial disturbances by
the impulse response of the adjoint system.

A relationship between the adjoint state-space eigenfunctions
and the modes of vibration is established. This relationship makes
it possible to represent the Green's function in a series of mode
shape functions, i.e., the eigenfunctions associated with the orig-
inal equations of motion. Additionally, the calculation of adjoint
state-space eigenfunctions in a transient analysis is avoided, which
implies potential savings in computation.

Theorem 2 provides a new way to calculate transfer function
residues for non-self-adjoint systems, namely, to express residues by
system eigensolutions. Often in an engineering problem, the transfer
function of a complex distributed system can only be estimated
numerically. Because the singularities of the transfer function at its
poles can lead to large errors in computation, direct prediction of the
residues by the transfer function itself is impractical. On the other
hand, highly accurate solutions of eigenvalue problems (20) and
(21) can be obtained by many well-developed techniques. Hence,
Theorem 2 warrants precise and systematic estimation of transfer
function residues for non-self-adjoint distributed systems.

The transient response and Green's function of a non-self-adjoint
system are obtained in eigenfunction series, without the need to as-
sume complete eigenfunctions. This interesting and important result
may indicate that completeness of eigenfunctions is only a suffi-
cient condition to guarantee a convergent-series solution. Although
vibrating continua are analyzed here, similar modal expansion can
be applied to other types of distributed dynamic systems in mathe-
matical physics.

The response of a non-self-adjoint distributed system can be de-
termined from that of the corresponding auxiliary system, which in
many cases is the same as the original system. This reciprocal rela-
tion reduces to the Green's function formula for the original system
when the auxiliary system is only under an impulsive load.
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